Published by Institute of Physics Publishing for SISSA/ISAS Received: October 28, 2004 Accepted: November 1, 2004

String-theoretic unitary S-matrix at the threshold of black-hole production

Gabriele Veneziano

Theory Division, CERN CH-1211 Geneva 23, Switzerland, and Collège de France 11 place M. Berthelot, 75005 Paris, France E-mail: gabriele.veneziano@cern.ch

Abstract: Previous results on trans-planckian collisions in superstring theory are rewritten in terms of an explicitly unitary S-matrix whose range of validity covers a large region of the energy impact-parameter plane. Amusingly, as part of this region’s border is approached, properties of the final state start resembling those expected from the evaporation of a black hole even well below its production threshold. More specifically, we conjecture that, in an energy window extending up to such a threshold, inclusive cross sections satisfy a peculiar “antiscaling” behaviour, seemingly preparing for a smooth transition to black-hole physics.

Keywords: Superstrings and Heterotic Strings, Black Holes in String Theory, Models of Quantum Gravity, Black Holes.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep112004001 /jhep112004001 .pdf

Contents

1. Introduction 1

2. Three regimes in super-planckian collisions 3

3. Explicitly unitary S-matrix in regions I and III 5

4. Properties of the final state in the energy window 8

5. Implications for the information paradox 11

A. Poisson distribution of CGRs from the AGK rules 13

1. Introduction

Since Hawking’s theoretical discovery that black holes emit thermal radiation [1], the issue of a possible loss of information/quantum coherence in processes where a black hole (BH) is produced and then evaporates has been the subject of much debate. Progress coming from string theory, in particular on the microscopic understanding of black-hole entropy [2] and on the AdS-CFT correspondence [3], have lent strong support [4] to the “no-loss” camp. Hawking himself appears to have conceded this point [5] by presenting his own arguments in favour of preservation of quantum coherence, based on a topological distinction between metrics that enter (through a Euclidean path integral) the quantum description of the scattering process, as opposed to those describing an eternal black hole.

Even if one may consider the information-paradox to be conceptually solved, several issues still remain unclear. One would like to understand, for instance, how exactly information is retrieved and what this implies on the properties of the (fully coherent) final state that a given pure initial state generates through its unitary evolution. A few ideas on this issue have been floating around: at one extreme, it has been suggested [6] that black-hole formation and decay simply do not occur for a pure initial quantum state and would only emerge after tracing over initial states (i.e. if one starts already from a density matrix). Less radical solutions [7] suggest that information is recovered during the whole evaporation process, in subtle correlations among the final particles or that it is given back at the very end through some black-hole “remnants”. In general, one may suspect that the fate of the classical (space-like) singularity lurking inside the black-hole horizon and/or the fate of the singularity encountered at the end of the evaporation process in a finite theory of quantum gravity, such as superstring theory, should have a bearing on the issue of how information is fully recovered at late-enough times.

– 1 –

In this paper we will not be able to give a definite answer to this problem. However, using the fact that, in string theory, the threshold for BH formation, E_{th}, can be made arbitrarily high (in string or Planck units) by taking a sufficiently small string coupling, we will analyse the unitary S-matrix that describes the collision process in a large energy interval up to such a threshold. We will thus be able to analyse the detailed structure of the final state and see to what extent its properties, as E_{th} is approached, resemble more and more those predicted by the Hawking process. To our satisfaction, the matching near E_{th} turns out to be very smooth. This is almost certainly related to the well-known correspondence [8] between strings and black holes at M ∼ E_{th}, point at which the Hawking temperature coincides with the Hagedorn temperature of string theory, back-hole and string entropy go smoothly into one another, and so do many other physical quantities [9]. Our findings give further support to the belief that quantum coherence is fully recovered even when the region of “large” semi-classical black holes is reached.

There is a second, less fundamental, but phenomenologically interesting reason for studying high-energy collisions in the region M_P < E < E_{th}. Models have been proposed [10] in which gravity, being sensitive to some “large” extra dimensions of space, becomes strong at an effective energy scale M_D that is much much smaller than the “phenomenological” 4-dimensional Planck energy M_P ∼ 10^{19} GeV. Assuming M_D to be not too far from the few TeV scale, a variety of interesting strong-gravity signals could be expected when the LHC will be turned on a few years from now.

One particularly dramatic signal [11] would be the production of TeV-scale black holes and their characteristic decay by the Hawking process. We expect black holes to be formed with unsuppressed rate provided the impact parameter b of the collision of the (essentially) point-like proton constituents (quarks and gluons) does not exceed the Schwarzschild radius R_S(E_{cm}) associated with the centre-of-mass energy. This intuition appears to be supported [12] by classical arguments on the formation of a closed trapped surface in the 2-particle collision process. It was pointed out, however, that the above cross-section estimates have to be amended by taking into account the finite tranverse size of the colliding objects [13]. Even in the most optimistic case, by embedding any quantum theory of gravity into string theory, the minimal transverse size of the colliding quanta is given by the string length parameter l_s and the formation of a black hole would require both R_S(E_{cm}) > b and R_S(E_{cm}) > l_s. Given that, in (weakly coupled) string theory l_s > l_D (where l_D = M^{−1}_D is the true Planck length of the theory), this effect will push the threshold of black hole production to some E_{th} > M_D. As a consequence, it is most likely that the energy reach of accelerators such as the LHC will be very marginal for producing semi-classical black holes even in the most optimistic case. This does not mean, however, that no new phenomena will be found below or just near E_{th}. Exploring the nature of such exotic phenomena will be the other goal of this work.

The rest of the paper is organized as follows: we first recall, in section 2, the “phasediagram” of super-planckian collisions in superstring theory as it has emerged from work in the late eighties. In section 3 we present our ansatz for an explicitly unitary S-matrix that is supposedly valid in a large region of our phase diagram. It embodies the results of previous work as illustrated for several quantities (partly in the main text and partly

– 2 – in the appendix). In section 4 we analyse the final state in the energy window M_D < E < E_{th} and show how the average energy of final particles smoothly decreases to the Hawking-temperature value (up to a constant of O(1)) as the total energy is increased towards E_{th}. This suggests the validity, within an energy window, of a sort of antiscaling behaviour for inclusive cross sections that would provide a smoking gun for the discovery of string/quantum–gravity effects at future colliders. We finally draw, in section 5, some (partly tentative) lessons that our results could teach on how information is retrieved when the threshold of black-hole production is crossed.

2. Three regimes in super-planckian collisions

Collisions of light particles at super-planckian energies (E = √ s ≫ M_D)^1 have received considerable attention since the late eighties. While in [14] the focus was on D = 4 collisions in the field theory limit, two groups have carried out the analysis within superstring theory, possibly allowing for a number of “large” extra dimensions. In the approach due to Gross, Mende and Ooguri (GMO) [15] one starts from a genus-by-genus analysis of fixed angle scattering, and then attempts an all-genus resummation. In the work of Amati, Ciafaloni and Veneziano (ACV) [16]–[18] one starts from an all-order eikonal description of small-angle scattering and then attempts to push the results towards larger and larger angles.

The picture that has emerged (see e.g. [19] for some reviews) is best explained by working in impact parameter (b = 2J/E) space, rather than in scattering angle (θ) or momentum transfer. We can thus represent the various regimes of super-planckian collisions by appealing to an (E, b) plane or, equivalently but more conveniently, to an (R_S , b) plane, where R_S (E) ∼ (G_DE)^{1D−3} (2.1) is the Schwarzschild radius associated with the centre-of-mass energy E. Since both coordinates in this plane are lengths, we can also mark on its axes two (process-independent) lengths, the Planck length l_D and the string length l_s. We shall use the following definitions:

l_s = √ 2α^′ℏ = M^{−1}_s , 8πG_D = l^{D−2}_D = M^{2−D}_D , (2.2)

where α^′ is the open-string Regge-slope parameter (equal to twice that of the closed string). Throughout this paper we will assume string theory to be (very) weakly coupled, so that

l_s = (g_s)^{− 2D−2} l_D ≫ l_D , i.e. M_D = M_s(g_s)^{− 2D−2} ≫ M_s , (2.3)

where g_s is the string coupling constant (our normalization conventions being specified by (2.3)). We shall keep g_s (and hence l_D/l_s = M_s/M_D) fixed and very small.

By definition of super-planckian energy, R_S > l_D. Since we also restrict ourselves to b > l_D, a small square near the origin is not considered. The rest of the diagram is divided essentially in three regions (see figure 1, taken essentially from refs. [19]):

1Here and in the following we shall denote by a subscript D quantities referring to a generic number D of “large” space-time dimensions, while reserving the label P for D = 4. We also use units in which ℏ = c = 1.

– 3 –

Figure 1: Phase diagram of trans-planckian scattering showing three different kinematic regions and two different paths towards the regime of large BH production.

• The first region, characterized by b > max(l_s, R_S ), is the easiest to analyse and corresponds to small-angle quasi-elastic scattering.

• The second region, R_S > max(b, l_s), is the most difficult: this is where we expect black-hole formation to show up. Unfortunately, in spite of much effort (see, e.g. [18], [20]), not much progress has been achieved in the way of going through the b = R_S > l_s boundary of figure 1.

• Finally, the third region (b, R_S < l_s), whose very existence depends on working in a string theory framework, has provided some very interesting insight [17] on how string effects may modify classical and quantum gravity expectations once the string scale is approached. The reason why progress could be made by ACV in this regime, unlike in the previous one, is that string-size effects intervene before large classical corrections make the problem intractable as b → R_S . The physical reason for this is that stringsize effects prevent the formation of a putative BH whose radius would be smaller than l_s. Instead, it is found [17] that a maximal deflection angle θ_{max} ∼ (R_S /l_s)^{D−3} is reached at an impact parameter of order l_s (the colliding strings grazing each other). If one considers scattering at angles larger than such θ_{max}, one finds (see e.g. [19]) an exponential suppression of the cross section, in very good agreement with the results obtained by GMO [15] through their very different approach.

In this paper, after recasting the S-matrix in a convenient, explicitly unitary form, we will analyse this third regime further. We will work at fixed impact parameter and gradually increase the energy to cross the boundary between the second and third regions (b < l_s = R_S ). As the boundary is approached, one arrives at the threshold of BH

– 4 – formation. Indeed, at √ s = E_{th}, one expects to form states that can be seen alternatively either as strings or as black holes [8, 9]. They lie, in an (M, g_s) plane, on the correspondence curve M = M_sg^{−2}_s that separates string states (lying below such curve) from BH states (lying above it). Our aim here is to study details of the scattering process as this threshold is approached from below and compare them with those expected from formation and evaporation of BHs as the same threshold is approached from above.

3. Explicitly unitary S-matrix in regions I and III

Our first claim is that the results of ACV, including their various checks of inelastic unitarity, can be neatly summarized in terms of an explicitly unitary S-matrix whose validity can be justified well inside Regions I and III. It reads:

S = exp(iÎ) , (3.1)

where the hermitean operator Î is given by:

Î = (δ̂ + δ̂^†) + √ −2i(δ̂ − δ̂^†)(C + C^†) = Î^† , (3.2)

and the operators δ̂, δ̂^†, C and C^† satisfy the commutation relations

[C, C^†] = 1 , [δ̂, δ̂^†] = [C, δ̂] = [C, δ̂^†] = 0 . (3.3)

Using well-known harmonic-oscillator formulae, eqs. (3.1), (3.2) lead to the more convenient form:

S = e^{2iδ̂} e^i √_{−2i(δ̂−δ̂†) C†} e^i √_{−2i(δ̂−δ̂†) C} . (3.4)

The meaning of the C, C^† operators will be given below, while (with standard notation for normal ordering)

δ̂ = 1 4π^2 ∫_{2π} 0 ∫_{2π} 0 dσ_udσ_d : δ(E, b + X̂_u(σ_u) − X̂_d(σ_d)) : , (3.5)

where X̂_{u,d} are hermitean (and commuting) closed-string position operators taken at a fixed value of τ, and δ is the tree-level amplitude in impact parameter space: δ(E, b) = 1 (2π)^{D−2} ∫ d^{D−2}q A(s, t) 4s e^{−iqb} , s = E^2 , t = −q^2 . (3.6)

The explicit form of the tree-level amplitude is: A(s, t) 4s = (2πG_D ) Γ(−α^′t/4) Γ(1 + α^′t/4) ( α^′s 4 )_{1+α}′_{t/4} e^{−iπα′t/4} , (3.7) and its imaginary part is positive semi-definite, ImA(s, t) 4s = 2π^2G_D Γ^2(1 + α^′t/4) ( α^′s 4 )_{1+α}′_{t/4} ≥ 0 , (3.8)

– 5 – an important feature in order to give meaning to the definition (3.2) of Î. The imaginary part of δ and thus, from (3.5), the anti-hermitean part of δ̂ are given simply by:

Imδ = π^2G_D s l^2_s 4( √ πY l_s)^{D−2} e^{−b2/l2s Y 2} , (3.9)

where^2 Y = √ log(^{α′s}_4 ).

Equation (3.9) introduces a characteristic impact parameter b_I = l_sY above which δ is basically real and thus δ̂ is hermitean. We will be mainly concerned with the opposite region, b ≤ b_I , but let us first recall some properties of the S-matrix in the former regime. At b ≫ b_I , the behaviour of δ is dominated by the pole at t = −q^2 = 0 in A(s, t) with the result: δ = ( b_c b )_{D−4} ≡ G_Ds Ω_{D−4} b^{4−D} , (3.10)

with Ω_d =^{2πd/2}_{Γ(d/2)} the solid angle in d dimensions. As is well known [16], the above formula reproduces, at very small angle, the classical relation between impact parameter and (centre-of-mass) scattering angle in the (Aichelbourg–Sexl) metric of a relativistic point-like source: θ = 8πG_D √ s Ω_{D−2}b^{D−3} . (3.11)

As pointed out by ACV, however, the passage from δ to δ̂ introduces another impact parameter scale b_{DE} below which the elastic amplitude is suppressed in favour of channels where the initial particles are diffractively excited (with a slight abuse of the word “diffractive”) through graviton exchange. One finds that the elastic amplitude is suppressed as

|A_{el}| ∼ e^{−2δDE} , δ_{DE} ≡ π^2(D − 3)G_Dsl^2_s 2b^{D−2}Ω_{D−2} . (3.12)

This defines the critical b by the condition that the exponent is 1 for |A_{el}|^2, i.e.

b^{D−2}_{DE} =

2π^2(D − 3)G_Dsl^2_s Ω_{D−2} , (3.13)

where we have to keep in mind that this is only valid if b > b_I . Notice that b_{DE} = b_I for s = M^2_s /g^2_s ≡ M^2_∗ . This new scale M_∗ plays an important role in the following discussion. It is basically the geometric mean between the string scale M_s and E_{th}, but, while M_∗ = M_P in D = 4, M_∗ is parametrically larger than M_D for D > 4. A simple explanation of its dynamical origin is proposed in section 5. The situation is sketched in figures 2 and 3 for D = 4 and D = 6, respectively. The curve (3.13) divides Region I in two parts: in the upper one, elastic scattering dominates (and elastic unitarity is satisfied); in the lower part, inelastic scattering dominates (and the S-matrix explicitly satisfies inelastic unitarity). Of course we lose control over our approximations if we move towards the region b ∼ R_S > l_s, the large-angle regime. For some attempts to tackle this region see, e.g., [18, 20].

2Note a change of notation here with respect to ACV. In later expressions the argument of the log is not necessarily the total energy, and thus we will occasionally assimilate Y to a numerical constant.

– 6 –

Figure 2: Further subdivision of the phase diagram of figure 1 for D = 4.

Figure 3: Further subdivision of the phase diagram of figure 1 for D = 6. A qualitatively similar behaviour holds for any D > 4.

Let us now describe the region b < b_I . Here (modulo an irrelevant b-independent term) the real part of δ behaves as:

Reδ = −

G_D s b^2 (D − 2)( √ πY l_s)^{D−2} . (3.14)

If we were to neglect all non-elastic effects this phase shift would produce [16] the same relation between scattering angle and impact parameter that results from the geodesic motion of a particle in the metric of a homogeneous finite-size relativistic beam [21]: θ = 16πG_D ρ b D − 2 , ρ = E ( √ πY l_s)^{D−2} , (3.15)

– 7 – where Y l_s plays the role of the transverse size of the beam. The curved lines in figures 2 and 3, corresponding to fixed θ, are sketching such a behaviour.

Inelasticity now comes from two distinct sources:

• 1. From replacing Reδ by^1_2 (δ̂+δ̂^†) in order to take account of DE (as we did in Region I). This effect leads, as in Region I, to an exponential damping of |A_{el}|. However, instead of (3.12) one finds:

δ_{DE} = π^2G_Dsl^2_s 4(l_s √ πY )^{D−2} , b < b_I . (3.16)

It is easy to check that (3.13) approaches (3.16) for b → l_sY , hence the behaviour (3.12) saturates at b ∼ b_I .

• 2. From the fact that δ has now acquired an imaginary part given by (3.9). This is related to the possibility of “cutting” the exchanged gravi-reggeons, i.e. to the fact that, in string theory, because of (old Dolen-Horn-Schmit) duality, gravi-reggeon exchange in the t-channel is dual to some s-channel intermediate states. For openstring collisions these intermediate states correspond to a pair of excited open strings, while for closed-string scattering they represent a single excited closed string. String breaking will make these states yield showers of light particles. The operators C, C^† are just destruction and creation operators for a cut gravi-reggeon (CGR), i.e. for one such kind of final state. More generally, they should carry a label corresponding to the energy-momentum (and possible internal quantum numbers) of the CGR.

When a diagram with n exchanged gravi-reggeons is considered, the full imaginary part gets contributions from different final states, corresponding to cutting any number m ≤ n of gravi-reggeons. The relative weights of these contributions were found long ago by Gribov, Abramovskii and Kancheli [22] and are known as the AGK rules. It is quite remarkable that precisely the AGK rules allow us to rewrite the full S-matrix in the simple form (3.4) (see the appendix for a sketch of the proof). It is also amusing to realize that exactly the same damping of |A_{el}| as (3.16) follows from the imaginary part of δ via eq. (3.9) when b < b_I . We shall come back to other such similarities in the following section.

4. Properties of the final state in the energy window

Going back to figures 2 and 3, let us emphasize again that Region I of figure 1 gets further divided in two parts by the line given by eq. (3.13). This line ends at b = b_I and E = M_∗ = M_s/g_s, where it joins the horizontal segment b = b_I , M_∗ < E < E_{th} = M_s/g^2_s . Below such a segment CGRs are copiously produced. In order to understand this qualitatively, let us consider the generating function exp(W (z)) ≡ ⟨in|S^†z^{NCGR} S|in⟩ , N_{CGR} ≡ C^†C , (4.1) where N_{CGR} counts the number of “cut gravi-reggeons”. Evaluating W (z) is now a simple exercise in harmonic oscillator operators, simplified by the well-known identity:

z^{Ncgr} =: exp ( (z − 1)C^†C ) : . (4.2)

– 8 –

Using properties of the coherent states one arrives at the simple result:

W (z) = 4(z − 1)Imδ , (4.3)

which implies that the distribution of N_{CGR} is exactly poissonian, with an average given by:

⟨N_{CGR}⟩ = 4Imδ = π^2G_D s l^2_s ( √ πY l_s)^{D−2} = O ( s M^2_∗ ) . (4.4)

Because of the operators X̂ entering in δ, the cut gravi-reggeons do not exhaust, however, the final state. As explained in the previous section, their effect is to produce diffractive excitation of the initial particles through graviton exchange, i.e. something that preserves the initial state’s conserved quantum numbers. If we insist that no such excitation take place the cross section is damped by a factor that, as noticed in section 3, is just exp(−4Imδ). If we also forbid particle production via CGRs we are penalized again by the same exponential factor (as is made clear by taking the limit z → 0 in eqs. (4.1) and (4.3)). In conclusion, the elastic cross section is damped as:

σ_{el} ∼ exp(−8Imδ) = exp [ − 2π^2G_D s l^2_s ( √ πY l_s)^{D−2} ] . (4.5)

Amusingly, such a suppression is quite similar to a factor exp(−S_{bh}) where S_{bh} is the Bekenstein–Hawking entropy of a black hole of mass √ s. Such a suppression is known to appear in the elastic amplitude for the scattering of a particle off a classical BH when the impact parameter goes below that of classical capture (e.g. [23]). For D = 4 the agreement holds up to a numerical factor 1/2Y^2, while for D > 4 the functional dependence is different. For any value of D, however, agreement with a BH-type suppression holds (up to factors of O(1)) as one approaches E_{th}.

Let us now look instead at the typical final state that roughly saturates the cross section. To begin with, the average mass of the DE states was computed in [17] as: ⟨M⟩_{DE} ∼ √ s ( R_S l_s )_{D−3} Y^{2−D} . (4.6)

In words, ⟨M⟩_{DE} increases as the energy is increased in the window until it gets close to a small fraction of the total energy at E = E_{th}. In any case, even when they are much lighter than √ s, DE states tend to be fast and thus take out a finite fraction f of the total incoming energy.

The rest of the initial energy will be shared, in the final state, between N_{CGR} CGRs, giving an average energy per CGR:

⟨E⟩_{CGR} = (1 − f) √ s ⟨N_{CGR}⟩ ∼ (1 − f)M_sY^{D−2} ( l_s R_S )_{D−3} . (4.7)

This time, the average energy of the final states decreases as the energy is increased in the window. Once more, for D = 4 the functional dependence on √ s of ⟨E⟩_{CGR} follows that of a thermal stectrum with a Hawking temperature T_H ∼ ℏ/R_S , while for D > 4 the

– 9 – functional dependence is different^3. For all values of D, however, agreement (up to factors O(1)) with Hawking-temperature expectations occurs at E_{th}. An “antiscaling” behaviour, corresponding to ⟨E⟩_{CGR} √ s = M^2_∗ = M^2_s g^{−2}_s , (4.8)

holds for any D in the energy window M_∗ < E < E_{th}. It is easy to guess the generic form that such an antiscaling behaviour should take at the level of inclusive cross sections for the final particles after CGR decay. For instance, the single-particle spectrum will be given as: ω σ dσ dω = x σ dσ dx = ( s M^2_∗ ) f(x) , (4.9)

where ω is the energy of the final particle and we have introduced the (anti)scaling variable: x = ω T_{eff}

, T_{eff} ≡

M^2_∗ E = M^2_s g^2_s E

. (4.10)

Energy conservation imposes the sum rule: 1 = ∫ dxf(x) , (4.11) while the average multiplicity is given by ⟨n⟩ = s M^2_∗ ∫ dx x f(x) = O ( s M^2_∗ ) , (4.12)

in accordance with (4.4). A typical form of f(x), taking into account both phase space and a high-frequency cutoff, would be f(x) = cx^{D−2}exp(−c^′x).

Generalization to multiparticle inclusive cross sections is straightforward. Keeping in mind that CGRs are uncorrelated, one can expect the generating functional of multiparticle correlations (W = log Z) to have the weak-correlation form:

W [z(ω)] = s M^2_∗ ∞∑ n=1 1 n! ∫ ρ_n(x_1, . . . , x_n) n∏ i=1 dω_i(z(ω_i) − 1) , x_i = ω_i T_{eff}

, (4.13)

where some correlations must be present because of energy conservation. In figure 4 we show the dependence of ⟨M⟩_{DE} and ⟨E⟩_{CGR} in the above energy window. Note the opposite qualitative behaviour of ⟨E⟩_{CGR} and ⟨M⟩_{DE}. The former decreases from M_∗ to M_s while the latter increases from M_s to a fraction of the total energy at E_{th}. The two curves intersect when E ∼ M_sg^{−4/3}_s , i.e. when ⟨M⟩^2_{DE} ∼ M_sE. At this energy, after string breakup, the two DE states will produce two jets of particles at some (finite) angle relative to the “beam axis”, but with limited transverse momenta (p_t < M_s) relative to the jet axis itself. It is clear that, when ⟨M⟩^2_{DE} ≥ M_sE, no rapidity gap will be left between the final particles of the two jets,^4 making the distinction between DE and CGR states practically

3Similar differences between D = 4 and D > 4 in the string-BH correspondence were already noted in [9]._4

I am grateful to M. Ciafaloni for an interesting exchange on this issue.

– 10 –

Figure 4: Energy dependence of ⟨M⟩_{DE} and ⟨E⟩_{CGR} in the energy window M_s/g_s < E < M_s/g^2_s showing in particular the anti-scaling behaviour of the latter. The two curves cross at the energy M_sg^{−4/3}_s corresponding to closing the rapidity gap between the two DE states.

impossible (for this reason the solid line for ⟨M⟩_{DE} is not continued above E ∼ M_sg^{−4/3}_s ). All that matters, from there on, is the number of handles that are cut: each one of them corresponds to an excited closed string produced by the collision. Our S-matrix gives the final state, |f⟩ = S|2⟩, as a coherent state of CGRs with a very large average occupation number.

The characteristic features of the final state would represent a clear signal of new string or quantum-gravity physics, already well below the threshold of BH production, provided the higher-dimensional model has M_s ≪ M_D. In the following section we will argue that these features may also suggest the way coherence is kept even above such a threshold.

5. Implications for the information paradox

Which are the possible implications of our results when one crosses the threshold for BH production? At the moment, we can only put forward some educated guesses:

• DE should carry away the energy that, even classically, goes to future infinity even when a BH is formed. It carries with it a fraction of the incoming energy but also the (nominally) conserved global quantum numbers of the initial state and could thus play an important role in guaranteeing their actual conservation. However, in our calculation, DE depends on l_s while in the end it should not. Possibly l_s-dependence should freeze when R_s > l_s.

• The CGRs will start interacting with each other (see e.g. the so-called H-diagram of [18]), showers will develop, and the original Poisson distribution of the CGR should turn into an approximately thermal one (with BE or FD statistics) for the actual final particles.

– 11 –

• The eikonal phase δ will pick up an imaginary part over the one due to CGR production, particularly as we approach BH production from Region I. It is amusing to speculate on how the expected result at a point well inside Region II can be obtained by approaching it from Regions I and III. In Region I the general interpretation of the phase shift is in terms of some classical (retarded vs advance)-time delay [20]. When a critical b ∼ R_s is reached, the time delay diverges (for any D) like R_s log(b − R_S ). As we go below this critical value of b, the time delay develops an imaginary part ∼ iπR_S (since there is no classical trajectory going off to future infinity); when inserted in the phase iEΔt, this gives:

|A_{el}| ∼ exp(−πER_s) , (5.1)

namely the correct damping (up to numerical factors O(1)) for all D. How does this match the behaviour obtained by crossing the boundary horizontally rather than vertically? The answer is, again, that the l_s dependence in eq. (4.5) should saturate when l_s approaches R_s, so that:

|A_{el}| ∼ exp [ −G_D s l^{4−D}_s ] → exp [ −G_D s R^{4−D}_s ] ∼ exp(−ER_s) , (5.2)

in agreement with (5.1). The same correspondence with BH physics would come out at the level of inclusive spectra if the l_s dependence in eq. (4.9) saturates at R_S = l_s, giving: s M^2_∗

→ ER_S ∼ S_{BH} , T_{eff} → 1 R_S ∼ T_H , x → ω T_H . (5.3)

It is interesting to try to understand the origin of the new scale M_∗, which plays such an important rôle in the energy window. At the semi-classical level at which we are working physics should depend basically on S_{cl}/ℏ, where S_{cl} is the action evaluated on the classical solution (see [20] for a more precise discussion). In the presence of external sources providing a non-trivial energy-momentum tensor T_{μν} , S_{cl}/ℏ scales as:

S_{cl} ℏ ∼ l^{2−D}_P ∫ d^Dx(G_DT )∂^{−2}(G_DT ) , (5.4)

a pure number, as it should. T is proportional to the total energy E. However, while much above E_{th} the length scales entering (5.4) are all related to R_S , in the window they are all dominated by l_s. This is why (5.4) scales differently in the two regimes:

S_{cl} ℏ ∼ l^{2−D}_P (GE)^2R^{4−D}_S = ( R_S l_P )_{D−2} , E > E_{th} = M_sg^{−2}_s

S_{cl} ℏ ∼ l^{2−D}_P (GE)^2l^{4−D}_s ∼ g^2_s

E^2 M^2_s = E^2 M^2_∗

, M_∗ = M_sg^{−1}_s < E < E_{th} . (5.5)

The two behaviours given in (5.5) agree only for D = 4 and otherwise provide an explanation for the different energy dependences of T_H and T_{eff} .

– 12 –

Let us conclude by summarizing the main points:

• we have been able to recast the main results of [16]–[18] in the form of an approximate, but exactly unitary, S-matrix whose range of validity covers a large region of the kinematic energy–angular-momentum plane;

• we have studied the nature of the dominant final states in a window of energy and impact parameter at whose boundary we expect black-hole formation to begin;

• we have found there a sort of precocious black-hole behaviour, in particular an “antiscaling” dependence of the average energy of the final particles from the initial energy, quite reminiscent of the inverse relation between black-hole mass and temperature;

• this antiscaling behaviour introduces, through the variable x = ωE/M^2_∗ , a new energy scale M_∗ = M_sg^{−1}_s , whose physical origin we have traced back to how the semiclassical action scales in a regime dominated by string-size effects;

• we believe that these results have a twofold application: a conceptual one in the search for an explicit resolution of the information paradox, and a more phenomenological one in the context of the string/quantum-gravity signals to be expected at colliders in models with large extra dimensions.

Our explicit results confirm, to a large extent, what had already been guessed at a more qualitative level, by many authors, including those of refs. [16, 20, 24], and hopefully set a framework for starting a more quantitative study of super-planckian collisions up to, and perhaps even above, the BH-production threshold.

Acknowledgments

It is a pleasure to thank D. Amati, M. Ciafaloni, G.T. Horowitz, E. Rabinovici, J.G. Russo and A. Schwimmer for interesting discussions.

A. Poisson distribution of CGRs from the AGK rules

We will show here that applying the AGK rules gives exactly the result presented in the main text.

We want to identify the inelastic channels that saturate unitarity when δ̂ is not hermitean, i.e. when Imδ ≠ 0. Let us neglect DE and thus simply set δ̂ = δ in our expression (3.4) for the S-matrix. Recalling that:

• Imδ ≠ 0 comes from the imaginary part of the single (Reggeized) graviton exchange;

• The leading-eikonal formula S = exp(2iδ) corresponds to summing over an infinite set of diagrams corresponding to the exchange of an increasing number n = 0, 1, 2, . . . of gravitons;

– 13 –

• The rules for reconstructing the imaginary part of a diagram with n (positive signature) exchanged Reggeons as a sum of contributions coming from “cutting” (i.e. taking the imaginary part of) m of them were given long ago by Abramowski, Gribov and Kancheli [22] (the so-called AGK rules) and were later justified by several authors (e.g. [25]).

These rules (when directly applied in impact parameter space) tells us that the full imaginary part of the n-graviton exchange graph is the result of a contribution σ^n_m = (−1)^{n−m} (4Imδ)^n m!(n − m)! , n = 1, 2, . . . , m = 1, 2, . . . ≤ n (A.1) due to cutting m out of n gravi-reggeons, and a contribution

σ^n_0 = (−1)^n

(4Imδ)^n n! − 2ReS^{(n)} , n = 1, 2, . . . , (A.2)

when no gravi-reggeon is cut, where S^{(n)} is the full n-GR exchange contribution to the S-matrix. As the symbol σ indicates, these are also to be interpreted as contributions to cross sections into inelastic channels corresponding to m cut gravi-reggeons. It is trivial to check that, for any given n, the sum of all contributions from m = 0 to m = n gives back twice the full imaginary part of T^{(n)} ≡ i(1 − S^{(n)}), as it should.

Let us now construct, as in the main text, the generating function of many CGR cross sections:

F (z) = exp(W (z)) = ∞∑ m=0 z^mσ_m = σ_0 + ∞∑ m=1 z^m ∞∑ n=m σ^n_m . (A.3)

This expression is easily computed^5 to give:

F (z) = exp (4(z − 1)Imδ) , (A.4)

i.e. the result (4.3) for W (z).

References

[1] S.W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43 (1975) 199.

[2] A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys.

Lett. B 379 (1996) 99 [hep-th/9601029];

for a review see: J.R. David, G. Mandal and S.R. Wadia, Microscopic formulation of black holes in string theory, Phys. Rept. 369 (2002) 549 [hep-th/0203048].

[3] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200];

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical string theory, Phys. Lett. B 428 (1998) 105;

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

5The only slightly subtle point here consists in recovering the elastic cross section from the AGK rules: this needs the explicit inclusion of the the trivial contribution to the S-matrix, S = 1.

– 14 –

[4] J.M. Maldacena, Eternal black holes in anti-de-Sitter, J. High Energy Phys. 04 (2003) 021 [hep-th/0106112];

J.L.F. Barbon and E. Rabinovici, Very long time scales and black hole thermal equilibrium, J. High Energy Phys. 11 (2003) 047 [hep-th/0308063].

[5] S.W. Hawking, talk given at 17th Int. conf. on general relativity and gravitation, Dublin, July 2004.

[6] D. Amati, Black holes, string theory and quantum coherence, Phys. Lett. B 454 (1999) 203;

D. Amati and J.G. Russo, Fundamental strings as black bodies, Phys. Lett. B 454 (1999) 207 [hep-th/9901092].

[7] See, for example, Y. Aharonov, A. Casher and S. Nussinov, The unitarity puzzle and planck mass stable particles, Phys. Lett. B 191 (1987) 51;

S.B. Giddings, Constraints on black hole remnants, Phys. Rev. D 49 (1994) 947 [hep-th/9304027];

B.L. Hu, Correlation dynamics of quantum fields and black hole information paradox,

gr-qc/9511075.

[8] G. Veneziano, Europhys. Lett. 2 (1986) 133, Proc. Meeting on Hot hadronic matter: theory and experiments, Divonne, June 1994, J. Letessier, H. Gutbrod and J. Rafelsky eds., NATO-ASI Series B: Physics, Plenum Press, New York, 1995, 346, p. 63; L. Susskind, Some speculations about black hole entropy in string theory, hep-th/9309145; E. Halyo, A. Rajaraman and L. Susskind, Braneless black holes, Phys. Lett. B 392 (1997) 319 [hep-th/9605112];

E. Halyo, B. Kol, A. Rajaraman and L. Susskind, Counting Schwarzschild and charged black holes, Phys. Lett. B 401 (1997) 15 [hep-th/9609075].

[9] G.T. Horowitz and J. Polchinski, A correspondence principle for black holes and strings, Phys. Rev. D 55 (1997) 6189 [hep-th/9612146]; Self gravitating fundamental strings, Phys. Rev. D 57 (1998) 2557 [hep-th/9707170];

T. Damour and G. Veneziano, Self-gravitating fundamental strings and black holes, Nucl. Phys. B 568 (2000) 93 [hep-th/9907030].

[10] I. Antoniadis, A possible new dimension at a few TeV, Phys. Lett. B 246 (1990) 377;

N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315]; L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys. Rev. Lett. 83 (1999) 3370 [hep-ph/9905221]; An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064].

[11] S. Dimopoulos and G. Landsberg, Black holes at the LHC, Phys. Rev. Lett. 87 (2001) 161602 [hep-ph/0106295];

S.B. Giddings and S. Thomas, High energy colliders as black hole factories: the end of short distance physics, Phys. Rev. D 65 (2002) 056010 [hep-ph/0106219];

G.F. Giudice, R. Rattazzi and J.D. Wells, Transplanckian collisions at the LHC and beyond, Nucl. Phys. B 630 (2002) 293 [hep-ph/0112161].

[12] R. Penrose, unpublished, 1974;

D.M. Eardley and S.B. Giddings, Classical black hole production in high-energy collisions, Phys. Rev. D 66 (2002) 044011 [gr-qc/0201034];

S.B. Giddings and V.S. Rychkov, Black holes from colliding wavepackets, hep-th/0409131.

– 15 –

[13] E. Kohlprath and G. Veneziano, Black holes from high-energy beam-beam collisions, J. High Energy Phys. 06 (2002) 057 [gr-qc/0203093].

[14] G.’t Hooft, Graviton dominance in ultrahigh-energy scattering, Phys. Lett. B 198 (1987) 61;

I.J. Muzinich and M. Soldate, High-energy unitarity of gravitation and strings, Phys. Rev. D 37 (1988) 359.

[15] D.J. Gross and P.F. Mende, The high-energy behavior of string scattering amplitudes, Phys.

Lett. B 197 (1987) 129; String theory beyond the planck scale, Nucl. Phys. B 303 (1988) 407; P.F. Mende and H. Ooguri, Borel summation of string theory for planck scale scattering, Nucl. Phys. B 339 (1990) 641.

[16] D. Amati, M. Ciafaloni and G. Veneziano, Superstring collisions at planckian energies, Phys.

Lett. B 197 (1987) 81; Classical and quantum gravity effects from planckian energy superstring collisions, Int. J. Mod. Phys. A 3 (1988) 1615.

[17] D. Amati, M. Ciafaloni and G. Veneziano, Can space-time be probed below the string size?, Phys. Lett. B 216 (1989) 41;

G. Veneziano, in Proc. superstrings 89, Texas A&M University, 1989, R. Arnowitt et al. eds., World Scientific, Singapore, 1990, p. 86.

[18] D. Amati, M. Ciafaloni and G. Veneziano, Higher order gravitational deflection and soft bremsstrahlung in planckian energy superstring collisions, Nucl. Phys. B 347 (1990) 550; Effective action and all order gravitational eikonal at planckian energies, Nucl. Phys. B 403 (1993) 707.

[19] G. Veneziano, Quantum string gravity near the Planck scale, Proc. Pascos Conference, Northeastern University, Boston, 1990, P. Nath and S. Rencroft eds., World Scientific, Singapore, 1990, p. 486;

A new approach to semiclassical gravitational scattering, Proc. 2nd Paris Cosmology Colloquium, Paris, 1994, H.J. de Vega and N. Sanchez eds., World Scientific, Singapore, 1995, p. 322.

[20] M. Fabbrichesi, R. Pettorino, G. Veneziano and G.A. Vilkovisky, Planckian energy scattering and surface terms in the gravitational action, Nucl. Phys. B 419 (1994) 147.

[21] G. Veneziano, Mutual focusing of graviton beams, Mod. Phys. Lett. A 2 (1987) 899.

[22] V.A. Abramovsky, V.N. Gribov and O.V. Kancheli, Character of inclusive spectra and fluctuations produced in inelastic processes by multi-pomeron exchange, Yad. Fiz. 18 (1973) 595.

[23] N. Sanchez, Absorption and emission spectra of a Schwarzschild black hole, Phys. Rev. D 18 (1978) 1030;

N. Sanchez, Elastic scattering of waves by a black hole, Phys. Rev. D 18 (1978) 1798.

[24] T. Banks and W. Fischler, A model for high energy scattering in quantum gravity,

hep-th/9906038.

[25] J. Koplik and A.H. Mueller, On the Abramovskii-Kancheli-Gribov reggeon cutting rules, Phys.

Lett. B 58 (1975) 166.

– 16 –